For each 1 ≤ n ≤ 6 we present formulas for the number of n−nodal curves in an n−dimensional linear system on a smooth, projective surface. This yields in particular the numbers of rational curves in the system of hyperplane sections of a generic K3−surface imbedded in IP n by a complete system of curves of genus n as well as the number 17,601,000 of rational (singular) plane quintic curves in a generic quintic threefold.
Introduction
The purpose of this article is to present formulas for the number of n−nodal curves in an n−dimensional linear system on a smooth, projective surface for 1 ≤ n ≤ 6. The method also yields formulas for the number of multi-tangent planes to a hypersurface. In particular, it enables us to find the number 17,601,000 of rational (singular) plane quintic curves in a generic quintic threefold. We give several examples and discuss the difficulties involved for n ≥ 7.
Our motivation was in response to a question asked by A. Lopez and C. Ciliberto regarding the number of rational curves in the system of hyperplane sections in a generic K3−surface imbedded in IP 4 (resp. IP 5 ) as a (2, 3) (resp. (2, 2, 2))-complete intersection. In [6] (joint with Miranda) they study degenerations K3→ union of 2 scrolls. According to A. Lopez (priv. comm.), the consideration of limit curves in the scrolls suggests a formula for the number of rational curves in the K3−surface. However, the numbers they have found are so far in disagreement with those obtained by the formulas presented here for n = 4, 5, 6 (cf. 5.5).
The main novelty here is, essentially, detecting the contribution to that zero cycle due to singularities worse than nodes (cf.4.1). We also sharpen the scope of validity of the formulas, now requiring only that the relevant loci be finite (3.3) .
Thanks are due to the MSRI for the stimulating environment and to P. Aluffi, E. Arrondo, S. Katz, A. Lopez and M. Pedreira for many pleasant conversations and to C. Schoen for the comments following Example 4.6. I'm also indebted to S.L. Kleiman for reading a preliminary version and helping to clarify the proof of the Lemma 3.5. We also thank schubert [16] , for patiently allowing us to verify many examples.
Notation and basic definitions
We recall, for the reader's benefit, some definitions from [28] . Let Y be a smooth variety. For each sequence of integers m = (m 1 , . . . , m r ) we say an effective divisor D has a singularity of (weak) type m if the following holds:
• there is a point y 1 of multiplicity≥ m 1 in D; next
• blowup Y at y 1 , let E 1 denote the exceptional divisor and let D 1 denote the total transform of D; then
• require that the effective divisor D 1 − m 1 E 1 have a point y 2 of multiplicity ≥ m 2 , and so on.
The sequence (y 1 , y 2 , . . .) thus constructed is called a singularity of type m of D. We further say the type is strict if all inequalities are equalities and each y i lies off the exceptional divisor. One may also consider nested sequences (. . . , m i (m i+1 , . . .), . . .) and say a singularity is of such type if y i is of multiplicity≥ m i and y i+1 is infinitely near to y i , i.e., lies on the exceptional divisor besides being of multiplicity ≥ m i+1 , etc. We write m [k] to indicate k repetitions of m.
2.1 Example. Let Y be a surface and y 1 a triple point on the curve C.
Then of course C has a singularity of strict type (3) . However, if the 3 tangents are distinct, C also has a singularity of weak type (2 [4] ) due to the intersections of the strict transform of C and the exceptional line E 1 :
2.2 Example. On the other hand, if y 1 is of type (3(2)), it follows that C has a singularity of type (2 [6] 
Indeed, let y 2 be the double point infinitely near to the triple point y 1 , and let C 1 denote the total transform of C; then C 1 − 3E 1 is effective and intersects E 1 twice at y 2 and once at the (smooth) branch y 3 . Thus, the divisor C ′ := C 1 − 2E 1 has multiplicity 3 at the point y 2 . Blowing it up, let C 2 be the total transform of C ′ ; now C 2 − 2E 2 still contains the exceptional line E 2 once and therefore has 4 double points: one for the intersection of E 2 and the strict transform of E 1 , two for the branches over y 2 and finally one over y 3 .
Example.
Let Y be a surface and y 1 a fourfold point on the curve C. Then C 1 − 2E 1 is nonreduced, hence C has a singularity (y 1 , . . . , y r ) of type (2 [r] ) for any r.
This ilustrates a main difficulty in our approach to enumeration of singularities. Formulas for a given type are usually not hard to obtain, at least in principle (cf. (3) below), but the exact contribution of each strict type actually occurring seems less evident. For the case we're interested in, we have the following description of the possible singularity types. 
) only; n = 4 ⇒ (2 [4] ) or (3); n = 5 ⇒ (2 [5] ) or (3, 2) or (2, 3); n = 6 ⇒ (2 [6] ) or (3(2)) or any of (3, 2, 2), (2, 3, 2), (2, 2, 3).
Proof. Set L = O(D) and let M y be the ideal sheaf of a point y ∈ Y . The members of |D| with an m−fold point at y come from
n denote the complement of the diagonals in Y ×n . Given a sequence of positive integers, (m 1 , . . . , m n ), replacing L by a sufficiently high power, we may assume
Therefore no sufficiently general subsystem of dimension≤ 3 (resp. ≤ 7) has a member with a triple (resp. 4−fold) point. It can be easily checked that a singularity of type (2(2)) (i.e., a double point with another infinitely near) (resp. (2(2), 2) or (2, 2(2))) imposes 3 (resp. 4) independent conditions. Let (y 1 , . . . , y 6 ) be a singularity of weak type (2 [6] ) occuring in a general ∞ 6 linear system. As explained just above, a 4−fold point imposes 8 conditions, so each y i is at worst a triple point. Moreover, it can be checked that 2 triple points (infinitely near or not) impose at least 8 conditions, thus at most one of the y i is triple. We claim that y i cannot be a triple point unless i ≤ 3. Indeed, the imposition of 3 double points (y 1 , y 2 , y 3 ) costs at least 3 parameters, leaving less than the 4 required for the acquisition of an additional triple point.
A similar argument rules out other sequences of double points (with some possibly infinitely near) different from those listed. 2
Basic setup
Let f : X→S be proper and smooth. Let L be an invertible O X −module and let D ⊂ X be the scheme of zeros of a section of L. As in [28] , we construct a scheme Σ(m; D) whose fibre over each s ∈ S consists of the sequences of singularities of type m of the fibre D s . Set X 0 = S, X 1 = X, f 1 = f : X 1 →X 0 . For r ≥ 1 denote by b r+1 : X r+1 →X r × fr X r and p r+1,i : X r × fr X r →X r respectively the blowup of the diagonal and the projection.
Set f r+1,i = p r+1,i • b r+1 . We think of each X r as a scheme over X r−1 with structure map f r = f r, 1 .
Write E 1,r for the exceptional divisor of b r . For 2 ≤ j < r set E r−j+1,j = f * r,2 · · · f * j+1,2 E 1,j . By abuse, still denote by the same symbol pullbacks of E r−j+1,j via compositions of the structure maps f 3 , f 4 , . . .. Notice the 2 nd index in E r−j+1,j indicates where the divisor first appears in the sequence of blowups, whereas r − j keeps track of the number of pullbacks via the f k,2 .
For each sequence of nonnegative integers m = (m 1 , . . . , m r ) we define the divisor on X r+1 ,
Let y 1 ∈ X 1 lie over s ∈ X 0 . Notice that, by construction, the fibre X 2y 1 of f 2 over y 1 is equal to the blowup of the fibre f −1 1 (s) at y 1 . By the same token, a point in X r lying over s should be thought of as a sequence (y 1 , . . . , y r ) of points in f −1 1 (s) each possibly infinitely near to a previous one. Also, the fibre of mE over a point (y 1 , . . . , y r ) ∈ X r is equal to m r E yr + · · · + m 1 E y 1 , where E y i ⊂ X i+1y i denotes (for i < r, the total transform of) the exceptional divisor of the blowup of X iy i−1 at y i . We set
Pulling back the section of L defining D, we get the diagram of maps of We define the m−contact sheaf as the O Xr −module,
3.1 Lemma. Notation as above, we have:
) and its formation commutes with base change; 2. there are exact sequences,
where m ′ denotes the truncated sequence (m 1 , . . . , m r−1 );
we have E(1, L) = L and for µ ≥ 2 we have an exact sequence,
Proof. The inclusion f * r+1,2 m ′ E ⊂ mE yields the exact sequence
Notice f * r+1,2 m ′ E and m r E 1,r+1 are f r+1,1 −flat. Indeed, for a divisor such as E 2,r := f * r+1,2 E 1,r which intersects the blowup center ∆(X r ) properly (along ∆(E 1,r )), the total and strict transforms are one and the same. Thus, to show f r+1,1 − flatness of E 2,r it suffices to verify that each power of the ideal sheaf of ∆(E 1,r ) in p * r+1,2 E 1,r is p r+1,1 −flat. This is a consequence of the following. Proof. We assume for simplicity dim p=1 (hence codim(Z, X) = 2). There is a local representation of p by a ring homomorphism A→B fitting into a commutative diagram,
such that the vertical maps areétale, R is regular, u, v denote indeterminates and the image of u (resp. u, v) generates the ideal of p(Z) (resp. Z) (cf. [1] , p. 128-130). Under these circumstances, let M be a D−module flat/C. The same argument applies to all E j,r−j+1 . Since a sum of flat divisors is flat, we've proved that mE is f r+1,1 −flat.
2,2 L and pushing forward by f r+1 = p r+1,1 b r+1 , the assertions follow by a standard base change argument (cf. [28] , p. 411).
2(for 3.1) 
if Σ(m; D) is empty or of the right codimension ρ then its class in the
Chow group of X r is given by the formula,
Proof. The 1 st assertion follows from [2] , Prop.(2.3). The 2 nd one derives from the exact sequence in Lemma 3.1(2). The remaining are well known facts (cf. Fulton [13] ). 2 3.3.1 Remark. In practice, the formula (3) may be computed using the exact sequences in 3.1. However, it is only useful to the extent the conditions of (3.3)4 are met; we then say D is m−regular. We refer to [28] for sufficient conditions for m−regularity.
S is regular at the image of P ; 2. the "total space" D is smooth at P and 3. the fibre of D through P has an ordinary double point (odp) there.
Then we have that S
′ is smooth at P . Moreover,
Proof. We assume for simplicity dimX/S = 2 and dimS ≥ 1. The question is local analytic. Let A be a regular local ring and M its maximal ideal, let
, it follows that h, h x 1 , h x 2 are linearly independent mod N 2 , as desired for the regularity ofB. Let t 1 = t, . . . , t n generate M minimally. We may replace S by the germ of curve defined by t 2 , . . . , t n . Thus t is a uniformizing parameter of A.
Since the map germ of D→S has an ordinary quadratic singularity at P , there are regular parametersx 1 ,x 2 of D around P such that t →x 1x2 .
So now we have reduced to the following. The completion of the local ring of S at the image of P may be writen as A[|t|] for some power series ring A. The completion of the local ring of X (resp. D) at P is of the
′ is represented by the ideal (t, x 1 , x 2 ) ⊂ B. The diagonal and the fibre product X × S X are represented by ( 
is finite, reduced, and for (C,
singularity of one of the strict types described in Prop.2.4.
Proof. As observed in the proof of Prop.2.4, ampleness ensures that for any fixed sequence m = (m 1 , . . . , m n ) of positive integers there exists r 0 such that, for all r ≥ r 0 , and for any sequence (y 1 , . . . , y n ) of distinct points in Y , the sheaf M
is generated by global sections. It follows that distinct y i 's impose independent conditions to be a singularity of strict type m on the system |rD| and in fact, Σ(m, rD) restricted to the complement of the union of the exceptional divisors in Y n is a projective bundle. In [28] ((9.1),p. 417) it is shown the same is true over all of Y n provided m satisfies the relaxed proximity inequalities
As this is no longer the case for m = (2 [n] ), n ≥ 3, a direct verification of smoothness is required.
At any rate, Σ( (2); S) and Σ((2, 2); S) are smooth for all sufficiently ample complete system S and remain smooth upon replacing S by a general subsystem by transversality of a general translate [19] .
For n ≥ 3 we proceed by the following iteration argument. Recall from Prop.3.3 that for any D ⊂ X→S as in §3, we have
where
If S is a sufficiently ample complete system, one checks that D ′ is regular. In fact, it is the total space of a family of basepoint-free divisors in the fibres of Y 3 →Y 2 . Indeed, let Y ′ →Y be the blowup at y 1 ∈ Y and let Y ′′ →Y ′ be the blowup at y 2 ∈ Y ′ . Let y 3 ∈ Y ′′ . Let L be an ample line bundle over Y . Then
for r >> 0 because the sequence (2, 2, 1) satisfies the relaxed proximity inequalities. Hence Prop.3.4 implies that Σ((2 [3] , D) is regular at any (C, y 1 , y 2 , y 3 ) such that y 3 is an odp of C − 2E y 1 − 2E y 2 . Now, if y 3 were a triple point (allowed if n = 6), then we would certainly have y 3 not infinitely near y 2 . Let π be the involution of X 2 × X X 2 (so that p 3,2 π = p 3,1 ). It lifts to an involution of X 3 that leaves Σ((2 [3] , D) invariant. Since π maps (C, y 1 , y 2 , y 3 ) to (C, y 1 , y 3 , y 2 ), we get regularity at the latter as well. The same argument yields regularity of Σ((2 [n] , D) for n = 4, 5, 6 and S generic, ∞ n . For instance, to show Σ((2 [6] , D) is regular at (C, y 1 , . . . , y 6 ) such that y 1 is of strict type (3(2)) and y 2 is the double point infinitely near (cf.2.2), we argue by regularity of Σ((2 [2] , D) at (y 1 , y 2 ) and apply iteration, observing that (y 3 , . . . , y 6 ) are all ordinary quadratic singularities. If y 2 were the intersection of the exceptional line and the smooth branch, then y 3 must be the double point infinitely near to y 1 . In this case apply first a permutation and argue as before. 2 
Applications
Here are two situations we may apply the above constructions to. Using Prop. 3.5 we get the following formulas for the number tg n of n−nodal curves in an ∞ n family of curves, for n ∈ {1, . . . , 6}. 
tg 5 := (#Σ((2 [5] ); S) − 30#Σ((3, 2); S))/5!;
Proof. Let us explain for instance the coefficient 90 appearing in the formula for tg 6 . Pick (C, z 1 , z 2 , z 3 ) in Σ((3, 2, 2); S). Here C is a curve in the system S and (z 1 , z 2 , z 3 ) is a singularity of strict type (3, 2, 2). Let z 11 , z 12 , z 13 be the branches over z 1 . It gives rise to the following list of singularities (y 1 , . . . , y 6 ) of weak type 2 [6] on C: y 1 = z 1 and (y 2 , . . . , y 6 ) = any permutation of {z 2 , z 3 , z 11 , z 12 , z 13 } SUBTOTAL: 120. y 1 = z i , y 2 = z 1 and (y 3 , . . . , y 6 ) = any permutation of z j , z 11 , z 12 , z 13 with {i, j} = {2, 3} SUBTOTAL: 48.
y 1 = z i , y 2 = z j , y 3 = z 1 and (y 4 , y 5 , y 6 ) = any permutation of z 11 , z 12 , z 13 with {i, j} = {2, 3} SUBTOTAL: 12.
The factor 180/2 comes from the fact that (C, z 1 , z 2 , z 3 ) and (C, z 1 , z 3 , z 2 ) yield the same contributions to Σ((2 [6] ); S) 2
Using the formula (3) in Prop.3.3 the rhs can be computed in terms of Chern classes for each of the two situtions envisaged above. We've made extensive use of maple [21] & schubert [16] ). See the appendix for the computations.
Surfaces
For the case of linear systems on a surface Y , setting for short,
we get from (3.1), (4.1) and (3), 
Example. Y = IP
2 . We make the substitutions,
5.1.1 n = 4. The expression for tg 4 above reduces to
Setting m = 4 we get 666 = 126 + 540 for the number of 4-nodal quartics through 10 general points. Indeed, a plane quartic with 4 nodes splits as a union of 2 conics, 126 of which pass through 10 points, or of a singular cubic and a line through 10 points. Setting m = 4 and picking a system of quartics through 9 general points, we do get the right answer, 378=( Again setting m = 4, we find 105 for the number of 6-nodal quartics through 8 general points: the configurations must consist of 4 lines.
n = 5. We find,

5.1.3.1
Setting m = 5, we can find the number of irreducible rational plane quintic curves through 14 general points. This is tg 6,IP 2 (5) − ( 
5.2.1.1
If m 1 = m 2 = 2, it checks with the number 6 of configurations of 4 lines in the system (2, 2) through 4 general points on a quadric. Indeed, since p a = 1, the curve splits in one of the types: (1, 1) + (1, 1), (2, 0) + (0, 2), (2, 1) + (0, 1) or (1, 2) + (1, 0). The latter two cases consist of the union of a twisted cubic and a bi-secant line, hence get for free two nodes due to the intersections. In order to present 4 nodes, the twisted cubic must split further. One easily sees that the only possibility is indeed a configuration (2, 0) + (0, 2) of 4 lines. We may assume no 2 of the 4 points are on a ruling. Label the points 1, 2 so that the lines composing the curve (2, 2) through them are both of system (1, 0); this forces the other 2 lines to be of the opposite system (0, 1). Thus, the choice of 1, 2 completely determines the solution, hence ( , 2) is ∞ 3+5 ; 3 nodes due to intersection, hence need additional node for either (1, 1) or (1, 2) component. If the new node is on (1, 1), this curve must be a line pair; make it pass through 2 of the points (( 1) + (1, 1) , so the actual solutions are of the form (1, 1) + (0, 1) + (1, 1) ; if the 7 th point is on the line, the remaining 6 will be on ( 
5.2.2.1
How about the irreducible rational curves with p a = 5 on IP 1 ×IP 1 ? The possible bidegrees are (2, 6), (6, 2) . One expects finitely many of these passing through 15 points. However we notice that any subsystem S ⊂ |(2, 6)| of codimension 15 meets the family of curves of type (2, 4) + 2(0, 1). Since these present a nonreduced component, therefore Σ((2 [5] ); S) contains components of wrong dimension (cf.2.3), so that the formula is not applicable to the present case. It would be nice to compute the equivalence of these bad components. 1, 2) + (1, 1) + (1, 0) . SUBTOTAL: 504. For several days, we had found only these 1944. The 280 then missing were pointed out to me (after a lunch break at the MSRI) by Enrique Arrondo: ( 2 ) choices for 12, 15, totaling 30. In addition to these configurations of lines, we may also take the conic c and a line through a pair of the points, say 12; then we get the hyperplane section c ′ + 12
This gives 10 more, totaling 40, as predicted by the formula.
Example. Surfaces of degree 9 in IP
5.5 Example. K3−surfaces. Let Y be embedded by a complete system |C| of curves of genus n ∈ {3, 4, 5, 6}. We have 2n
For n ∈ {4, 5, 6}, the values given above for tg n are smaller then those predicted by a formula Ciliberto and Lopez (priv. communication) obtained by a degeneration argument.
A related development is the work of Manoil [20] , where he addresses the question of existence of rational points on K3−surfaces defined over a number field. He proves the existence of curves of geometric genus ≤ 1 for a certain class of surfaces by counting singular curves.
Example. Abelian surfaces Y ⊂ IP
4 . Here we find the number 150 of 4−fold tangent hyperplanes. It might be more than just a coincidence the fact that the contribution from #Σ(3; S) is also = 150, suspiciously a factor of the number 15, 000 of symmetries of the Horrocks-Mumford bundle, a generic section of which is known to vanish precisely on Y . . .
The following comments were kindly communicated by Chad Schoen. Let Y be an Abelian surface with a polarization of type (1, 5) . Any Horrocks-Mumford Abelian surface is of this type. The converse is almost true. I believe that any simple Abelian surface with a (1, 5) polarization is a Horrocks-Mumford Abelian surface. Let N be an invertible sheaf giving the (1, 5) polarization. A curve in |N| has self-intersection 10. This is the degree of the normal sheaf which is also the dualizing sheaf. Thus the arithmetic genus is 6. If the curve is irreducible and has 4 nodes it's normalization has genus 2. If Y is "general" its Picard number is 1 and any hyperplane section must be irreducible. Let C be such a 4−nodal curve andC its normalization. There is an isogeny Jac(C)→Y takingC to C. Again if Y has Picard number 1, there is no choice but for this map to have degree 5. Now the degree 5 unramified covers of Y are parametrized by the subgroups of order 5 in the fundamental group of Y . Write L for this lattice and L ′ ⊂ L for the index 5 subgroup. Assuming that Y has Picard number 1, the 5 fold cover f : J→Y will be the Jacobian of a genus 2 curve if and only if J is principally polarized. This will occur if and only if the pull back of the (1, 5) polarization on Y is 5 times a polarization on J. In terms of lattices and the Riemann form associated to the polarization we have: 
Threefolds
The same method yields the formula, for the number of planes in IP 4 that are 6-fold tangent to a hypersurface of degree m.
Quartics.
For m = 4, the formula above gives 5600. This can be verified by the following direct calculation via the Fano variety F (cf. [2] ) of ∞ 1 lines contained in a 4 ic threefold T. Presently the counting refers to the set
of 4-tuples of coplanar lines in that family.
) denote the tautological sequence over the Grassmann variety G i := Gr(i, 4) of i−dimensional subspaces of IP 4 . Go to the incidence variety I := {(ℓ, π) ∈ G 1 × G 2 |ℓ ⊂ π}. It carries the diagram of locally free sheaves, (omitting pullbacks)
The universal plane IP(Q 2 ) contains the total space D of the family of intersections with the fixed 4 ic hypersurface. Our goal is to compute the intersection class supported by 
one sees that the slant arrow s vanishes on the fiber over (ℓ, π) ∈ I iff ℓ ⊂ π ∩ D π . Let p : IP(Q 2 ) |I →I denote the structure map; it follows that I 1 is the scheme of zeros of the section p * s of the direct image 
We may ask when does D 1 split further. Go to I 1 × G 2 I. Set L 2 = I 1 × G 2 L 1 and define I 2 by imposing the fibers of D 1 to contain a 2 nd line.
As before, I 2 is given by the vanishing of a section of the pushforward of O L 2 (D 1 ). Denoting by (i) the pullback to I × G 2 I · · · via i th projection, we find [
). See in the Appendix a script for the actual computation using schubert [16] . Observing that a 6-fold tangent plane π to a 4 ic hypersurface cuts 4 lines, the computation gives 134400/24=5600 as asserted.
Quintics
Recall that a general 5 ic threefold T⊂ IP 4 contains 2,875 lines and 609,250 conics (cf. [14] , [15] ).
The plane through a conic counts as a 6-fold tangent since its intersection wih T splits as a conic + cubic, thereby presenting 6 nodes.
Through each line, there are ∞ 2 planes in IP 4 . The intersection of any such plane with T splits as line+quartic thereby counting as a 4-fold tangent. The plane is a 6-fold tangent iff the residual plane quartic is binodal.
Fix a line ℓ ⊂ T. Let us find, among these ∞ 2 residual plane quartic curves the number of those with 2 double points. This requires the computation of Σ((2, 2); D) for the family D ⊂ X→S of residual plane quartic we now describe. Notation as in the previous example, let S 2 ≻ →O ⊕5 − → ≻ Q 2 (rank Q 2 = 3) denote the tautological sequence over the Grassmann variety G 2 of planes in IP 4 . Let G 2,ℓ be the Schubert subvariety of all 2-planes through a fixed line ℓ. Let X = IP(Q 2 ) |G 2,ℓ ⊂G 2,ℓ × IP 4 be the restriction over G 2,ℓ of the universal plane in IP 4 . Restricting the sequence over G 2,ℓ yields an exact sequence, (cf. top sequence in (4)) S 2 ≻ →O ⊕3 = S 1|ℓ − → ≻ M, where M is a line subbundle of Q 2 with Chern class x := c 1 M = −c 1 S = c 1 Q 2 . Over X, we have the natural commutative diagram of maps of locally free sheaves,
where the bottom line is the tautological 1-quotient on the projective bundle Proj(Sym(Q 2 )). One checks that ℓ ′ := G 2,ℓ × ℓ is the divisor in IP(Q 2 ) ℓ of zeros of the slant arrow M→O(1). Therefore, setting y = c 1 O (1) Using schubert [16] we may compute G 2,ℓ (c 6 E((2, 2), L)/2 = 1, 185 (see the appendix) and find the number 17,601,000 = tg 6,5 − 609250 − 1185 × 2875 of irreducible plane rational quintic curves contained in a generic 5 ic threefold. The 1 st correction is due to conic + cubic and the 2 nd to line + binodal quartic.
Final comments
An additional difficulty appears for the case of 7−fold tangent hyperplanes. Indeed, for a general 7−dimensional linear system, we'd expect Σ(2 [7] ; S) to receive contributions from Σ(3(2), 2; S), Σ(3, 2 [3] ; S), Σ(3(2) ′ ; S), so that a naïve count would predict tg 7 := (#Σ(2 [7] ; S) − 210#Σ(3(2), 2; S) − 1260#Σ(3, 2 [3] ; S)/6) − 30#Σ(3(2) ′ ; S))/7!, where Σ(3(2) ′ ; S) denotes a cycle supported on the set of (C, y 1 , . . . , y 7 ) such that C ∈ S has a triple point y 1 with the infinitely near double point y 2 presenting a branch tangent to the exceptional line over y 1 . However, barring some computational error, in fact the rhs did not yield an integer for any of the examples we've experimented with. This seems to indicate that Σ(2 [7] ; S) may not be reduced at some of the points involving singularities worse than nodes. In fact, the argument of Prop.3.5 does not apply. This would imply that the coefficients 210, 1260 and 30, postulated by the naïve count of permutations, must be modified.
For n ≥ 8, we face the intrusion of a component of wrong dimension in Σ(2 [n] ; S) due to 4-fold points. In this case, the technique of residual intersections might shed some light. 
